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Anomaly inflow mechanism using Wilson line 
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It is shown that the anomaly inflow mechanism can be implemented using Wilson line in odd 
dimensional gauge theories. An action of Wess-Zumino-Witten (WZW) type can be constructed 
using Wilson line. The action is understood in the odd dimensional bulk space-time rather than 
in the even dimensional boundary. This action is not gauge invariant. It gives anomalous gauge 
variations of the consistent form on boundary space-times. So it can be used to cancel the quantum 
anomalies localized on boundary space-times. This offers a new way to cancel the gauge anomaly 
and construct anomaly-free gauge theory in odd dimensional space-time. 



When embedding an even (2n) dimensional space- 
time M. into an odd (2n + 1) dimensional space-time 
S as a boundary, A4 = 9S, massless chiral fermion 
can be localized on the even dimensional space-time 
M.. Chiral fermion on M. when coupled to gauge field 
can induce gauge anomaly via radiative corrections 
and can give potential problem to the gauge imparl- 
ance. The gauge invariance can be maintained and 
the quantum anomaly on boundary can be canceled 
by anomalous gauge variation of a classical action in 
the odd dimensional bulk space-time S. This is the 
anomaly inflow mechanism. The mechanism states 
that the anomalous gauge variation given by the bulk 
action flows into boundary and cancels the anoma- 
lous gauge variation localized on the boundary. Using 
this mechanism one can construct consistent models 
in odd dimensional space-times with localized chiral 
degrees of freedom on even dimensional boundaries. 
The conventional way to achieve the cancellation is to 
use the Chern-Simons action in the bulk 

An important application of this mechanism is in 
condensed matter physics. It is well known that one 
can understand the quantum Hall effect using this 
mechansim 0, II- The mechanism has been gener- 
alized to more complicated theories, e.g. the theory 
of gravitation and the theory with gauge field of more 
than one indices. They have been applied in string 
theory and the building of extra dimensional models 
Q. In this article we show that there is a new way 
to implement the anomaly inflow mechanism in odd 
dimensional gauge theories, hence a new way to build 
anomaly-free gauge theories in odd dimensional space- 
times. This is achieved using an action of WZW type 
constructed using Wilson line. In the following we give 
a simple example to illustrate the point of this arti- 
cle. We first introduce notations. Then we describe 
the anomaly induced by chiral fermion localized on 
boundary. The crucial bulk action to cancel anomaly 
is then introduced and its property is discussed. 

Consider an example on S3 = M.i x [0, irR] with 



coordinate 



— {x^ t z — 



= y) (fi = 0, 1). M2 is the 



two dimensional Minkowski space-time. S3 has two 
boundaries of type M.2 at y — and y = nR sepa- 
rately. The gauge field Am = J2 a T a A M of the gauge 
group G propagates in the bulk. T a is the generator 
of the group G. We define Am having dimension [M]. 
Gauge coupling is absorbed into the gauge field. We 
denote the boundary branes at y — and y — irR as 
branc L and brane R respectively. We introduce gauge 
fields on the boundary branes, Al^ and A Rll , which 
are obtained when reducing A^ to the boundaries: 



A Lll {x^)=A^,y = Q), 
A Rlx {x> J -)=A lx (xi*,y = -KR). 



(1) 
(2) 



Al,R(i live on two dimensional space-times and have 
no indices along y direction. Massless chiral fermions 
ipL and ip R are localized on brane L and brane R re- 
spectively. They are minimally coupled to Ar, and An 
separately, see Fig. Q] 

We study the property of gauge theory under in- 
finitesimal gauge transformation U which approaches 
unity at infinity: 



U{x»,y)=e i 
We have 



e{x»,y)=Y,T a e a {x»,y). (3) 



SA M = d M e + i[e,A M ]. (4) 

Al,r transform as 

SA L>Rfi = d^LM. + i[tL,R, A l ,rv\> (5) 

where cl,r are 

e L (x») = e(x*, y = 0), e R (x») = e(x», y = nR).(6) 

The 2D chiral gauge theory is anomalous [1, Q, 
that is the classical gauge symmetry is broken at the 



quantum level. The anomaly can be stated that the 
Noether current derived from the classical Lagrangian 
is not conserved when including radiative corrections 
of chiral fermions As an alternative it can be 

stated that the quantum action is not invariant under 
the gauge transformation of the classical Lagrangian 
Q . In this 3D example it means the quantum actions 
localized on two boundaries L and R are not invariant 
under the gauge transformation given in ([5|). 

We denote Tl and Tr as the quantum actions 1 



r, 



eff 



, r fl - r e// 



(7) 



y— 7r_R 



Under the gauge transformation given in ([5]) we 
have [|[ 

ST L = --/-/ d 2 x Tr[e L d^A Lu ], (8) 
4?r Jm 2 



ST R = — 



±- f d 2 xe^Tr[e R d^A Ru ], 
4?r Jm 2 



(9) 



where e 01 = 1. and @ are anomalous gauge vari- 
ations on boundary space-times and are of the form 
of consistent anomaly in 2D space-time ± signs 
arise from different chiralities in 2D theory Q. 

In a consistent gauge theory anomalies in ([8]) and 
(HJ have to be canceled by contribution of other sec- 
tor of the theory. The cancellation of anomaly can 
be achieved when an action in 3D space-time gives 
anomalies flowing into the boundary space-times. The 
total anomaly can be arranged to cancel. This is con- 
ventionally achieved using the Chern-Simons action 
Q. We point out that we can achieve anomaly can- 
cellation using another action in the bulk space-time. 
This bulk action is constructed using Wilson line and 
is of WZW type. Under the gauge transformation ([5]) 
it gives 



ST 



WZW 



= _L f £ ^ Tr[e L 0„Az„] 
47r Jm 2 



(10) 



It gives the consistent form of anomaly on two bound- 
aries. It is clear that the gauge invariance is main- 
tained in the action 



WZW 



r L + r, 



(ii) 



1 To avoid complication of renormalization, one needs to limit 
the discussion to quantum action of one-loop level. 
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FIG. 1: Anomaly inflow mechanism implemented by 
WZW action. Gauge fields on L and R branes are induced 
by gauge field in the bulk: Al^^x 11 ) = A ll (x ,J ',y = 0) and 
A R ^(x li )=A ll (x' i ,y = irR). 



The construction of the theory is shown in Fig. [T] We 
emphasize that this is a new way to achieve anomaly 
cancellation in 3D gauge theories. In the following we 
elaborate on this WZW type action in 3D space-time. 

Note that the original WZW action is constructed in 
non-linear sigma model and is an action in 4D space- 
time [(| 0, H, H, ES EH • Extension of this action 
to even dimensional space-time exists in the litera- 
ture [l2| . Twzw used in this article should be under- 
stood living in three (odd) dimensional space-time, 
hence is a further extension of the original WZW ac- 
tion. This extension is achieved using the Wilson line 
along the third dimension [l3l . EH EH ■ We introduce 
Wilson line 

W y (x",y) = Ve l ^ dy ' A ^'y'\ (12) 



and 



W(x") = Ve i ti Rdy ' A ^<v'l (13) 



V is the path-ordering operator. A^ is the gauge held 
along the third dimension. Since W y (x^,y = 0) = 1 
the configuration of W y is the mapping of £3 to the 
space of the gauge group G. £3 is S3 with the 2D 
boundary at y — shrinking to a point. So £3 has a 
single boundary: dT, s = A4.2- 

W — W y (y = ttR) transforms as a bifundamental of 
gauge transformations on two boundary space-times: 

W'(x») = U(x»,y = 0)W(x^ l )U- 1 {x^,y = wR%U) 



W is a link field which can mix the degrees of the 
freedom on two boundaries. Using it we can write an 
action [l3[ 

T W zw= / d 3 x e RST Tr[{d R W y )W- 1 

X(d S W y )W- 1 (d T Wy)W- 1 } 

[ d 2 x e» u Tr[A Lll W L „ 
4vr J M2 

+A Rll W Ry - iAr^W- 1 A Lv W], (15) 
where 2 R, S, T run over 0, 1, 2, e 012 = 1 and 

W Ltl = {d^W)W-\ W Rll = W- l {d tl W). (16) 



The action written in (|15|) is formally of WZW type 
and is similar to the WZW action in 2D space-time. 
This action has to be interpreted as living in 3D space- 
time, quite different from the interpretation of the 
usual WZW action living in even dimensional space- 
time [6j. One can understand this interpretation by 
noting that this action gives non-local interaction for 
gauge fields Al and A R on different boundary branes. 
That is it gives interaction for degrees of freedom at 
space-like distance. 3 In particular, the last term in 
(|15j) can not be understood as living in any one of the 
two boundary branes. We emphasize that this action 
can not be understood as localized on any one of the 
boundary branes. 

Gauge transformation property of (|15p can be easily 
computed. Note that under the infinitesimal transfor- 
mation (J3j> and ((4| we have 



SWyix*, y) = ie L W v (x», y) - iW y (x^y)e y , (17) 



where 



(18) 



Using ([5]) and (fl7|) we can easily get the transforma- 
tion property of Tyyzw- Dropping the surface inte- 
gration at infinity Eq. (fTU|) is obtained. 

The above construction in 3D can be generalized to 
5D space-times with boundaries. One can also take 



2 There is a difference on sign compared to the action written 
in Ref. EJ. 

3 This non-locality along the compact space-like dimension 
may not affect the 2D locality. A proof for this statement 
is needed. 



the picture shown in Fig. [TJ ipi, and ij> R are then un- 
derstood as localized on 4D boundaries. Similarly we 
have quantum actions Tl and T R on two boundary 
branes which are obtained including radiative correc- 
tions of ipL and ij} R separately. Gauge anomaly in 4D 
space-time states that V l and T R are not gauge invari- 
ant 0, [l3| . For an infinitesimal gauge transformation, 
they give 



STr 



24tt 2 



d 4 x ul(A Lfl ,e L ), (19) 



Mi 



(20) 



where 



loI(B^s) = e^Tr[e d^{B w d p B a - -B v B p B a \%l) 

H,v,p,a run over 0,1,2,3 and g 0123 = 1. (fT9"]) and 
(|20D arc of the form of consistent anomaly in 4D space- 
time @. 

A 5D WZW type action has been constructed using 
Wilson line in Ref. [3, [l5[ . It gives anomalous gauge 
variations flowing into the boundary branes. Readers 
are referred to Ref. [l3| for explicit formula (an extra 
minus sign is needed to get the gauge variation l|22p 
in the following) . The action constructed is similar to 
the 4D WZW action [1 0, B i, 0, H3 • However it has 
to be understood in the 5D bulk rather than localized 
on any one of the boundary space-times. This action 
gives non-local interaction for gauge fields Al and A R 
of two boundary space-times. Under the infinitesimal 
gauge transformation it gives 



ST 



wzw- 



24tH 



24tt 2 



Mi 



d 4 x Lu\(A Ltll e L ) 



M i 



d 4 xul{A Rpi e R ) (22) 



The gauge variation on boundaries given by this ac- 
tion is of the form of consistent anomaly. It is clear 
that anomalous gauge variations of and T R are 
canceled by the gauge variation of the bulk action. 
This implements the anomaly inflow mechanism us- 
ing Wilson line in 5D space-time. 

This is the story to implement the anomaly inflow 
mechanism using Wilson line in 3D and 5D gauge 
theories. Using this mechanism one can construct 
anomaly-free gauge theories in 3D or 5D space-time 
with massless chiral fermions localized on boundaries, 
as shown in Fig. [TJ We emphasize that this new 
mechanism is quite different from the old one using 



the Chern-Simons action. Because of the non-local 
nature of Twzw we do not expect to find a current 
along the compact space-like dimension. On the con- 
trary, the old mechanism indeed has a current along 
the compact dimension. This current is derivable from 
the Chern-Simons term. 

As a further comparison we note that the WZW- 
type term used in this article and the Chern-Simons 
term have different origins in effective theory. In a pre- 
vious work [h| we have shown how this WZW type 
action can be completely derived when integrating out 
some chiral fermions on even dimensional boundaries. 
These chiral fermions are localized on boundary space- 
times and are coupled to Wilson line via non-local 
Yukawa-type interaction. Integrating out these chiral 
fermions we find the WZW type action Tyyzw ap- 
pearing in the effective action. On the other hand, 
it is known for a long time that the Chern-Simons 
term appears in effective theory when integrating out 
fcrmion in odd dimensional space-time [161 ] . It is clear 
that Twzw used in this article is different from and 
independent of the Chern-Simons action. This opin- 
ion is different from the opinion taken in [141] . We 
emphasize that the mechanism shown in this article 
is a new mechanism, not the old mechanism rewritten 
in a new form. 

In summary we have shown that there is a new 
type of anomaly inflow mechanism implemented by 
a WZW type action constructed using Wilson line. 
This action has to be understood as living in odd di- 
mensional space-time rather than in even dimensional 



4 

space-time. This point is also emphasized in Ref. 
[131 ]. The action constructed is not gauge invariant 
and it gives anomalous gauge variations of the consis- 
tent form on boundary space-times. These anomalous 
gauge variations cancel the anomalous gauge varia- 
tions localized on boundaries. Using this mechanism 
the gauge invariance of the odd dimensional gauge 
theory can be achieved when massless chiral fermions 
are localized on boundary space-times. 

We expect that the 3D version of this new mech- 
anism is of potential interests to condensed matter 
physics. It may have application similar to the appli- 
cation of the old mechanism using Chern-Simons term 
in quantum Hall effects. However the experimental 
devices need to be different. This topic requires 
further research. We expect that this mechanism 
can be generalized to odd dimensional space-times 
of dimension larger than five. Action to implement 
the mechanism will be similar to the WZW action 
in even dimensional space-times of dimension larger 
than four [l^]. Examples shown in this article are 
for gauge theory in flat space-time. We expect this 
mechanism can be generalized to curved background 
space-time. Using this mechanism we are able to 
construct new type of anomaly-free gauge theories 
in odd dimensional space-times. Extension of this 
mechanism to more complicated theories, e.g. the 
theory of gravity requires further research. 
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